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Statistical properties of low-frequency fluctuations
during single-mode operation in
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Extensive experimental and numerical investigations of feedback-induced instabilities in single-mode
distributed-feedback lasers are presented that confirm the basic assumptions of the Lang–Kobayashi model.
We give experimental evidence of the occurrence of low-frequency f luctuation (LFF), alternation between LFF
and stable emission, and coherence collapse during single-mode operation of the laser. We have obtained
quantitative agreement between modeling and experiment in long-time statistical investigations of the time
intervals between subsequent LFF dropouts. In particular, we show that even the dependence of the
dynamics on the injection current, which results in a scaling law, is quantitatively identical in modeling
and experiment.  1999 Optical Society of America
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Semiconductor lasers show a rich variety of dynamic
phenomena when they are subjected to moderate
or even small amounts of delayed optical feedback.
Aside from the fundamental interest in delay-induced
instabilities, a profound understanding of these dy-
namic phenomena is indispensable for the stabilization
of semiconductor laser emission (e.g., for photonic
applications), for concepts to apply chaos control,
and for synchronization of chaotic semiconductor
lasers for applications in encoded communication. In
this context, intensive research has been devoted to
the understanding of the low-frequency f luctuation
(LFF) phenomenon.1 LFF behavior is character-
ized by strong irregular f luctuations of the laser
intensity that occur about the solitary laser thresh-
old over wide ranges of optical feedback strength.
Investigations of the LFF phenomenon have shown
that a joint approach of experiments and numerical
simulations is of decisive importance for possible ad-
vances. Usually, the numerical simulations are based
on the Lang–Kobayashi (LK) rate-equation model,2

which assumes single-mode operation of the laser
and neglects multiple ref lections within the external
cavity. However, in most experiments Fabry–Perot
lasers, which exhibit multimode operation when they
are subjected to delayed optical feedback, are used.
Therefore, even though single-mode theory and mul-
timode experiments are in qualitative agreement,
this mismatch between theoretical assumptions and
experimental conditions has attracted considerable
attention.3,4 Here we aim to obtain an optimum match
of experimental and theoretical conditions to provide
an experimental system in which the results of numeri-
cal investigations can be realized straightforwardly in
0146-9592/99/181275-03$15.00/0
experiments. This is particularly important because
chaos control5 and synchronization6 have already
been achieved in numerical simulations based on the
LK model; stabilization has already been realized
experimentally7 according to one of these numerical
concepts.8 We use a single-mode distributed-feedback
(DFB) laser with a large side-mode suppression ratio
to fulfill the single-mode assumption of the LK model.
Further, moderate amounts of optical feedback allow
us to neglect multiple ref lections. In our numerical
simulations based on the LK model we use parameters
that are estimated from the experiment. DFB-specif ic
effects (e.g., interaction between a DFB grating and
an external cavity) are neglected, as is well justif ied
by the excellent agreement of our numerical and
experimental results.

In the experiments we use a single-mode 1.55-mm
DFB semiconductor laser that is subjected to delayed
optical feedback from an external cavity. Figure 1
depicts the optical spectra of the solitary laser and
the laser with optical feedback. The spectra were
recorded with a grating spectrometer with a resolu-
tion of 0.1 nm. The signif icant linewidth broadening
toward longer wavelength corresponds to predictions of
the LK model.9 The laser persists in its single-mode
operation with a very large side-mode suppression ra-
tio of 40 dB during LFF operation. Figure 1 demon-
strates that this single-mode operation holds even for
fully developed coherence-collapsed operation of the
laser. Thus we conclude that multimode operation is
not required for the occurrence of LFF and feedback-
induced instabilities in semiconductor lasers.

The LK rate equations for the slowly varying ampli-
tude of complex electric field E and carrier number N
 1999 Optical Society of America
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Fig. 1. Optical spectra of the DFB laser. Solid curve, the
solitary laser; dashed curve, the laser with feedback under
coherence-collapsed operation. J � 1.18 Jth.
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The parameters used in our numerical simulations
correspond to the following experimental conditions:
delay time, t � 2.3 ns; solitary threshold current
Jth � 27 mA, with p � J�Jth; and feedback rate, g �
14.35 ns21, which reduces the threshold of the laser by
5.4%. Differential gain j � 7 3 1026 ns21; linewidth
enhancement factor a � 3.4; number of carriers at
transparency, Nt � 5.022 3 107; and carrier lifetime
T1 � 0.45 ns are estimated from experimental mea-
surements. The photon decay rate is G0 � 180 ns21.
FE is a Langevin noise force that describes random
f luctuations caused by spontaneous emission. The
random force has zero mean and is d correlated in time,
�FE �t�FE

��t0�� � 4Nbd�t 2 t0�, with b � 1027 ns21,
corresponding to a spontaneous-emission rate of �3 3

1010 s21. The equations are normalized such that
P � jEj2 is the number of photons inside the cav-
ity. With the above parameters, the threshold current
for the appearance of LFF has been determined to be
JLFF
th � 0.97 Jth, in agreement with the experimental

value. For bias currents close above JLFF
th we observe,

both experimentally and numerically, alternation be-
tween LFF’s and stable operation on a single high-gain
external-cavity mode (HGM).9,10 Figures 2(a) and 2(b)
depict experimental and numerical time series, re-
spectively, that are typical for this alternating behav-
ior. Both time series have been obtained for J �
0.98 Jth. Within this regime the system jumps back
and forth between LFF’s and the HGM. This action
is best demonstrated by the numerical simulations in
h N space, where h�t� � f�t� 2 f�t 2 t� corresponds
to the phase difference of the electric field E�t� in one
round-trip time: The numerics in the inset of Fig. 2(b)
confirm that the system reaches the HGM.
In numerical simulations without the noise term, the
trajectory first undergoes several LFF dropouts, then
reaches the HGM, and finally remains there. Only
when the stochastic term is included in Eqs. (1)–(3)
is the dynamic behavior depicted in Fig. 2(b) observed.
This can be understood as follows: Once the trajec-
tory has reached the stable emission state, ejecting the
trajectory away from the HGM so the LFF can restart
requires the presence of noise. In general, the stabil-
ity of the external-cavity modes, i.e., their robustness
against external perturbations or noise, strongly de-
pends on the linewidth enhancement factor a. Our
numerical simulations demonstrate that the stability of
the laser increases with decreasing a, a result that cor-
responds to recent experimental findings with Fabry–
Perot lasers.11

A joint approach of theory and experiment for
the realization of chaos control and synchroniza-
tion requires quantitative agreement of experiment
and numerical simulations over long time intervals.
Therefore we have performed long-time statistical in-
vestigations of the time intervals between subsequent
LFF dropouts. Our extensive numerical simulations
permit what we believe is the first quantitative com-
parison of experiment and theory on such long time
scales. Experimentally, we have recorded 50 time
series, each of 5-ms length, covering several thousand
power dropouts; numerically, we have considered at
least 104 dropout events. From these time series we
obtained probability-density functions (PDF’s) of the
time intervals between subsequent power dropouts.
Figure 3 depicts the corresponding experimental nu-
merical PDF’s for three injection currents that cover
the whole LFF regime: Fig. 3(a), 0.98 Jth; Fig. 3(b),
1.04 Jth; and Fig. 3(c), 1.08 Jth. The agreement of
theory and experiment is excellent. All PDF’s display
similar features: an exponential decay for long times
and a dead time for short times. The theoretically

Fig. 2. Time traces showing alternation between LFF and
stable operation: (a) experiment, (b) numerical simula-
tions. The inset shows in h N space how the trajectory
reaches the HGM.
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Fig. 3. PDF’s f �T � of time interval T between subsequent
LFF dropouts: (a) J � 0.98 Jth, (b) J � 1.04 Jth, (c) J �
1.08 Jth. Diamonds and dashed curve, experimental data;
stars and solid curves, numerical simulations. Note the
different scales of f �T � and T in (a)–(c).

Fig. 4. Ln–ln plot of the average time interval between
subsequent dropouts �T � versus normalized injection
current e � J�JLFF

th 2 1. Diamonds and dashed curve,
experimental data; stars and solid curve, numerical
simulations. The dotted curve corresponds to a linear fit
�T � � e21; the dashed–dotted curve, to results obtained
from the Henry–Kazarinov12 model.

and experimentally obtained PDF’s show an identical
dependence on the injection current. In particular,
the mean time interval between subsequent power
dropouts �T � exhibits an interesting dependence on
the injection current: Figure 4 depicts experimental
and numerical data in a ln–ln plot of �T � versus
e � J�JLFF

th 2 1, where the current is normalized with
respect to the threshold current for the onset of the
LFF. Both data sets demonstrate that, within the
LFF regime, �T � scales as e21, whereas the fit based
on the predictions by Henry and Kazarinov13 exhibits
substantial deviations from the experimental and
numerical results. The e21 scaling of �T � as well as
the as the exponential decay and the dead time that
are present in the PDF’s have also been observed in
experiments in which multimode Fabry–Perot lasers
were used.13 This fact indicates that these properties
are general ones that are present in the dynamics of
semiconductor lasers, which consequently are inde-
pendent of the number of optical modes involved in
the laser emission. However, the mechanism that
underlies the scaling is not yet fully understood.14

We have demonstrated coincidence between the re-
quirements of the LK model and its realization by
single-mode DFB lasers. In particular, we have given
evidence for quantitatively identical parameter depen-
dences of long-time LFF dropout statistics, including a
characteristic scaling law for the mean time between
the dropouts. Because chaos control5 and synchro-
nization6 have been achieved numerically, the demon-
strated quantitative agreement of the LK model and
experiment strongly suggests directly using these tech-
niques in experiments with single-mode DFB lasers.
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